
NUCLEAR	  STRUCTURE	  (PART	  II-‐-‐lectures):	  	  
viewed	  from	  afar	  (from	  stability)	  

The	  foundaDonal	  models	  of	  the	  nucleus	  were	  developed	  based	  on	  structure	  
studies	  of	  stable	  and	  near-‐stable	  nuclei	  

	  
Far-‐from-‐stability	  studies	  of	  nuclear	  structure	  can	  test	  these	  models	  in	  regions	  of	  

proton/neutron	  number	  far	  away	  from	  their	  point	  of	  origin	  
	  

Reference:	  “Shape	  coexistence	  in	  atomic	  nuclei”,	  	  
Kris	  Heyde	  and	  John	  L.	  Wood,	  Rev.	  Mod.	  Phys.	  83	  1467	  (2011)	  	  	  



LECTURE	  3:	  Simple	  (?)	  structures	  in	  nuclei	  
-‐-‐seniority;	  quadrupole	  collecDvity	  

•  IllustraDon	  of	  the	  two	  types	  of	  nuclear	  structure	  on	  
which	  there	  is	  consensus	  (?)	  

	  	  	  	  	  	  seniority	  (pair-‐dominated)	  structures	  
	  	  	  	  	  	  	  quadrupole	  (shape-‐dominated)	  structures	  

	  
�  IllustraDon	  of	  isomer	  and	  Coulex	  spectroscopy	  



Excited	  0+	  states	  at	  closed	  shells:	  mixing	  and	  
repulsion	  of	  pair	  configuraDons	  in	  90Zr	  	  

February 4, 2010 12:18 WSPC/Book Trim Size for 9.75in x 6.5in rw-book975x65

5 The shell model

and odd-mass nuclei and interpreting the results in terms of a particle-plus-core
shell model, the extra nucleon becomes an e�ective probe of what is going on inside
the core. For example, the low-energy spectra of 209Bi and 209Pb, shown in Figure
1.13, are rather well described by the weak coupling of a nucleon to a closed-shell
208Pb core. This suggests that a shell model with a closed-shell 208Pb core might
provide a meaningful description of the N = 126 isotones and Z = 82 isotopes;
which indeed appears to be the case. There are many such examples.

Other sequences of isotopes or isotones have been identified which have simple
shell-model interpretations in terms of more than one nucleon coupled to a core. For

Figure 5.15: Energy levels of a se-
quence of N = 50 isotones. A sim-
ple shell model description of the states
shown is given by considering a few ac-
tive protons in just the 2p1/2 and 1g9/2
shells. (The data are from Nuclear
Data Sheets.)
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example, Figure 5.15 shows the energy-levels of a sequence of N = 50 isotones. In
a simple shell model, all these isotones would have their 50 neutrons in closed shells
including the 2p1f and 1g9/2 single-particle shells. Then, to a first approximation,
one might suppose the protons in the 90Zr50 ground state to close the 2p1f shell
and the extra protons in the succeeding A > 40 isotones to be occupying the 1g9/2

orbital. With this assumption, the spectra of the Z > 40 isotones have a simple
interpretation in terms of a proton pair-coupling model (cf. Chapter 6) and the
USp(2j+1) coupling scheme of Section 5.13.1. From this explanation, the question
arises as to why the closed-shell nucleus 90Zr50 exhibits similar sequences of states
to the other isotones, albeit at higher excitation energies. It is then recalled that
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N=50:	  g9/2	  seniority	  structure	  

E(21+):	  in	  some	  cases	  it	  appears	  
high,	  implying	  a	  closed	  (sub)shell,	  	  
but	  is	  due	  to	  a	  depression	  of	  	  
the	  ground-‐state	  energy	  



Neutron-‐rich	  Ni	  isotopes	  probably	  dominated	  by	  
a	  νg9/2	  seniority	  structure	  	  

The	  relaDvely	  high	  E(21+)	  value	  in	  68Ni	  is	  	  
probably	  not	  indicaDve	  of	  a	  doubly	  	  
closed	  shell	  

Figure	  from	  Heyde	  &	  Wood	  

68Ni	  has	  a	  structure	  which	  is	  similar	  to	  
90Zr,	  i.e.,	  a	  seniority	  structure	  that	  is	  
dominated	  by	  g9/2	  and	  p1/2;	  but	  the	  
addiDonal	  states	  indicate	  that	  f5/2	  and	  
p3/2	  	  (and,	  possibly,	  proton	  pair	  
excitaDons*	  across	  the	  Z	  =	  28	  shell)	  are	  
acDve.	  
	  
*See	  D.	  Pauwels	  et	  al.,	  PR	  C82,	  027304	  (2010)	  



The	  g9/2	  seniority	  structure	  persistence	  near	  the	  
doubly	  closed	  shell	  78Ni,	  100Sn,	  and	  132Sn	  nuclei	  	  	  

Figure	  taken	  from	  A.	  Jungclaus	  et	  al.,	  
	  PRL	  99	  132501	  (2007)	  

The	  8+	  states	  are	  isomeric:	  
	  	  	  	  	  	  	  	  	  	  	  	  T1/2	  (ns)	  	  Eγ	  (keV)	  	  	  	  B(E2)	  W.u.	  
	  	  76Ni	  	  	  	  	  590	  	  	  	  	  	  	  	  	  	  144	  	  	  	  	  	  	  	  	  	  	  	  	  	  0.71	  
	  	  98Cd	  	  	  	  480	  	  	  	  	  	  	  	  	  	  147	  	  	  	  	  	  	  	  	  	  	  	  	  	  0.46	  
	  130Cd	  	  	  220	  	  	  	  	  	  	  	  128/138*	  	  	  	  	  1.7/1.3*	  

*In	  130Cd	  the	  ordering	  of	  the	  128/138	  keV	  
γ-‐ray	  cascade	  is	  not	  certain	  

The	  constancy	  of	  the	  B(E2)	  values	  ,	  independent	  
of	  whether	  the	  structures	  are	  dominated	  by	  
protons	  or	  neutrons	  and	  independent	  of	  mass,	  is	  
remarkable	  and	  shows	  the	  simple	  nature	  of	  
seniority	  structures.	  	  



Neutron-‐rich	  Sn	  isotope	  structure	  dominated	  by	  
νh11/2	  seniority	  structure	  	  



152Sm:	  what	  is	  the	  nature	  of	  the	  	  
02+	  (685	  keV)	  state?	  
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Multi-Coulex, (n,n’!), (",2n!), and # decay studies of 152Sm

elucidate K=0+ , K=2+, K=4+, K=0-, and K=1- rotational bands.

What is the nature of the excited bands?
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We	  all	  thought	  that	  the	  02+	  (685	  keV)	  
state	  in	  152Sm	  was	  the	  classic	  example	  
of	  a	  β	  vibraDon	  



Shape	  coexistence	  in	  the	  N	  =	  90	  isotones:	  
	  explains	  the	  E0	  transiDon	  strengths	  

Strong mixing of coexisting shapes produces strong electric monopole 
(E0) transitions and identical bands.

E0 strength is a function of mixing.
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Electric	  monopole	  transiDons	  are	  a	  model-‐independent	  signature	  of	  shape	  	  
coexistence	  and	  mixing-‐-‐J.Kantele	  et	  al.,	  Z.	  Phys.	  A289	  157	  (1979).	  
	  



MulD-‐Coulex	  of	  152Sm	  02+(685	  keV):	  	  
strongest	  response	  is	  to	  head	  of	  K=2+	  band	  at	  1769	  keV	  	  

	  
The strongest response is from the band head of the

K=2+ structure at 1769 keV.
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Shape	  coexistence	  in	  the	  N	  =	  90	  isotones:	  
coexisDng	  K	  =	  2	  bands	  revealed	  by	  E0	  transiDons	  

Electric monopole transitions are an unequivocal 
signature of shape coexistence and mixing.

  Shape coexistence is a widely-occurring structural 
phenomena indicative of “interesting physics”.

  Observation of an E0 determines the spin and 
parity of the excited state.

8! and PACES at TRIUMF/ISAC.
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Electric monopole transitions are an unequivocal 
signature of shape coexistence and mixing.

  Shape coexistence is a widely-occurring structural 
phenomena indicative of “interesting physics”.

  Observation of an E0 determines the spin and 
parity of the excited state.

8! and PACES at TRIUMF/ISAC.
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Kulp,	  Wood,	  Garrep,	  Zganjar	  and	  others	  

E	  (MeV)	  

3+,	  K	  =	  2	  	  	  è	  	  3+,	  K	  =	  2:	  	  	  631	  keV	  transiDon	  in	  158Er	  has	  no	  observable	  γ-‐ray	  strength,	  only	  ce’s	  
	  [	  3K2	  	  –	  	  I(I+1)	  	  =	  	  0	  ]	  	  	  	  	  	  	  	  are	  observed	  -‐-‐accidental	  	  cancellaDon	  of	  E2;	  M1	  is	  very	  weak.	  



152Sm	  and	  the	  neighboring	  N	  =	  90	  isotones	  are	  a	  
manifestaDon	  of	  shape	  coexistence	  

Proton particle-hole excitations across the Z = 64 gap may be the 
source of the coexisting shapes.

There is no a priori way to determine the nature of the 
unmixed configurations or the strength of the mixing.

E
n
e
rg
y

N
90 92 9484 86 88

2
+

0
+

“π(2h)”

“π(2p-4h)”

2
+

0
+

2
+

0
+

normal

collectivity

suppressed

collectivity

N=90

2
+

0
+

2
+

0
+

mixedunmixed

E0

2
+

2
+

Less-deformed 2h and more-
deformed 2p-4h structures 
coexist at low energy at N=90.

Strong mixing obscures the 
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Strong E0 transitions are a key 
signature of the mixing of 
coexisting structures.

As observed, the K=2 bands 
will also mix strongly, resulting 
in E0 transitions.
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Ground	  state	  properDes,	  S2n	  and	  δ<r2>,	  in	  the	  regions	  
of	  N	  =	  60,	  90	  are	  very	  similar	  

key structural information that is usually garnered only
after extensive spectroscopy. Shown in the lower panel of
Fig. 1 are mean-square charge radii, obtained by high-
resolution laser spectroscopy, for many of the same iso-
topic chains. The sudden changes seen in the binding
energies are also reflected by the radii, as discussed below.

The measurements were performed with the Penning-
trap mass spectrometer ISOLTRAP [20] located at the
isotope-separator facility ISOLDE at CERN. The Kr nu-
clides were produced by irradiating a 50 g=cm2 uranium-
carbide target with pulses of 1.4-GeV protons from
CERN’s Proton Synchrotron Booster accelerator. The nu-
clear reaction products diffused from the hot target through
a water-cooled transfer line into the new versatile arc-
discharge ion source [21]. The singly-charged ions were
transported at 30 keV through the two-stage high-
resolution mass separator into the ISOLTRAP cooler-
buncher where they were prepared for capture into the
cylindrical Penning trap. Usually, high precision mass
measurements are carried out in the second, hyperbolic-
shaped precision Penning trap where the cyclotron fre-
quency !c ¼ qB=ð2"mÞ (q and m are the charge and the

mass of the ion, respectively, and B is the magnetic field of
the trapped ion is measured via the established time of
flight ion-cyclotron-resonance detection technique [22].
This was indeed the case for 96Kr [see Fig. 2, top panel].
Because of the much lower yield of 97Kr, exacerbated by
its particularly short half-life (T1=2 ¼ 63 ms) and the high
charge-exchange rate of Kr ions with the residual gas, only
the first (preparation) trap was used to measure the mass of
this nuclide. There, a mass-selective ion-centering proce-
dure [23] is applied before extracting and transporting the
ions to a detector for counting. The theoretical line shape
of the cyclotron-resonance peaks from the preparation trap
has not (yet) been fully described. In the past, fits to a
Gaussian form have been used (see, e.g., [24–26]). Given
the proper conditions, the thermalized ions are centered in
the preparation trap. When they are extracted through the
3-mm aperture in the end cap electrode, the expected
detected-ion profile as a function of centering frequency
should be a step function. However, the ion distribution
results in a flat profile with smoothed edges.
The 97Kr spectrum [Fig. 2, bottom panel] was analyzed

using a Gaussian fit as well as a symmetric, flattened fit
(inspired by the Woods-Saxon nuclear potential) with fre-
quency, offset, amplitude, width, and wall smoothness as
free parameters. Additionally, the frequency center and
variance of the ion distributions were determined using a

FIG. 2 (color online). (Top panel) Time of flight recorded for
96Kr ejected from the precision trap and (bottom panel) ion
counts for 97Kr ejected from the preparation trap, as a function
of excitation frequency.

FIG. 1 (color online). (Top panel) Two-neutron separation
energies (S2n) for Z ¼ 32–45 versus N. The new Kr data
reported here are represented by filled diamonds (error bars
smaller than the points). Other data from [16], complemented
by [17] for Kr; [18] for Sr, Mo, and Zr; and [19] for Y and Nb.
(Bottom panel) Difference in mean-square charge radii for the
N ¼ 60 region. Data are from [28] for Kr, [39] for Rb, [40,41]
for Sr, [29] for Y, [30] for Zr, [31] for Nb, and [32] for Mo.

PRL 105, 032502 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending
16 JULY 2010

032502-2

is the same for the 0þ1;2 states, i.e., j !!ð70þnGe; 0þ1 Þi ¼
j !!ð70þnGe; 0þ2 Þi. The results extracted from these analyses
are illustrated in Fig. 37. A more general analysis should have
both a changing proton and neutron part in the wave function
but lack of data did not allow us to extract a more consistent
description.

The details of proton and neutron orbital occupancies that
resulted from the above-cited literature led to a series of
phenomenological analyses by Fortune and co-workers
(Carchidi et al., 1984; Fortune, Carchidi, and Mordechai,
1984; Carchidi and Fortune, 1985; Fortune and Carchidi,
1985; Carchidi and Fortune, 1986; Carchidi, Fortune, and
Burlein, 1989) and others (Johnstone and Castel, 1986) and
resulted in debate (Fortune et al., 1987; Vergnes and Rotbard,
1988) and further insights connecting to E2 properties of
nuclei (Fortune and Carchidi, 1987; Carchidi and Fortune,
1988a, 1988b). Indeed, the work of Carchidi and Fortune
(1988b), extended the insight provided by the Ge isotopes to
an analysis of the Zr and Mo isotopes (cf. Figs. 29 and 30).

Theoretical work that addressed the low excitation energy
of the first-excited 0þ state in 72Ge investigated collective
excitations and their coupling to 2qp excitations, covering
various techniques such as Didong et al. (1976), Kumar
(1978), Gangopadhyay (1999), and Guo, Maruhn, and
Reinhard (2007), and, stemming from the above-cited work
of Vergnes and co-workers, by Ahalpara and Bhatt (1982).
The early work of Iwasaki et al. (1976), Weeks et al. (1981),

FIG. 34. Systematics of "2ðE0Þ % 103 values in the N ¼ 90 iso-
tones. The large values indicate underlying coexistence of bands
with different deformations that mix strongly. The level data are
taken from Nuclear Data Sheets. The "2ðE0Þ % 103 values are taken
from Kibédi and Spear (2005) for 0þ2 ! 0þ1 , from Wood et al.

(1999) for 2þ2 ! 2þ1 , and are calculated using lifetime data (Klug
et al., 2000; Tonev et al., 2004; Möller et al., 2006) and electron
data in Nuclear Data Sheets for other transitions.
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FIG. 33. Isotope shifts #hr2i in fm2 and two-neutron separation
energies S2n in MeV for selected isotopic chains across the N ¼ 90
region. The data are from Nadjakov, Marinova, and Gangrsky
(1994) and Audi, Wapstra, and Thibault (2003).

FIG. 35. Low-lying states in 70–76Ge (upper part) and hQ2i values
in e2 b2 for the 0þ1 and 0þ2 states in these Ge isotopes (lower part).

The lower part is taken from Sugawara et al. (2003) and the data in
the upper part are from Podolyák et al. (2004) and Nuclear Data
Sheets. (Note that in the lower part, the value of hQ2i for the 0þ2 state

in 70Ge, cf. Table IV, should be 0.64 and not 0.50.)
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key structural information that is usually garnered only
after extensive spectroscopy. Shown in the lower panel of
Fig. 1 are mean-square charge radii, obtained by high-
resolution laser spectroscopy, for many of the same iso-
topic chains. The sudden changes seen in the binding
energies are also reflected by the radii, as discussed below.

The measurements were performed with the Penning-
trap mass spectrometer ISOLTRAP [20] located at the
isotope-separator facility ISOLDE at CERN. The Kr nu-
clides were produced by irradiating a 50 g=cm2 uranium-
carbide target with pulses of 1.4-GeV protons from
CERN’s Proton Synchrotron Booster accelerator. The nu-
clear reaction products diffused from the hot target through
a water-cooled transfer line into the new versatile arc-
discharge ion source [21]. The singly-charged ions were
transported at 30 keV through the two-stage high-
resolution mass separator into the ISOLTRAP cooler-
buncher where they were prepared for capture into the
cylindrical Penning trap. Usually, high precision mass
measurements are carried out in the second, hyperbolic-
shaped precision Penning trap where the cyclotron fre-
quency !c ¼ qB=ð2"mÞ (q and m are the charge and the

mass of the ion, respectively, and B is the magnetic field of
the trapped ion is measured via the established time of
flight ion-cyclotron-resonance detection technique [22].
This was indeed the case for 96Kr [see Fig. 2, top panel].
Because of the much lower yield of 97Kr, exacerbated by
its particularly short half-life (T1=2 ¼ 63 ms) and the high
charge-exchange rate of Kr ions with the residual gas, only
the first (preparation) trap was used to measure the mass of
this nuclide. There, a mass-selective ion-centering proce-
dure [23] is applied before extracting and transporting the
ions to a detector for counting. The theoretical line shape
of the cyclotron-resonance peaks from the preparation trap
has not (yet) been fully described. In the past, fits to a
Gaussian form have been used (see, e.g., [24–26]). Given
the proper conditions, the thermalized ions are centered in
the preparation trap. When they are extracted through the
3-mm aperture in the end cap electrode, the expected
detected-ion profile as a function of centering frequency
should be a step function. However, the ion distribution
results in a flat profile with smoothed edges.
The 97Kr spectrum [Fig. 2, bottom panel] was analyzed

using a Gaussian fit as well as a symmetric, flattened fit
(inspired by the Woods-Saxon nuclear potential) with fre-
quency, offset, amplitude, width, and wall smoothness as
free parameters. Additionally, the frequency center and
variance of the ion distributions were determined using a

FIG. 2 (color online). (Top panel) Time of flight recorded for
96Kr ejected from the precision trap and (bottom panel) ion
counts for 97Kr ejected from the preparation trap, as a function
of excitation frequency.

FIG. 1 (color online). (Top panel) Two-neutron separation
energies (S2n) for Z ¼ 32–45 versus N. The new Kr data
reported here are represented by filled diamonds (error bars
smaller than the points). Other data from [16], complemented
by [17] for Kr; [18] for Sr, Mo, and Zr; and [19] for Y and Nb.
(Bottom panel) Difference in mean-square charge radii for the
N ¼ 60 region. Data are from [28] for Kr, [39] for Rb, [40,41]
for Sr, [29] for Y, [30] for Zr, [31] for Nb, and [32] for Mo.
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sharp or diffuse Fermi surfaces depending on the strength of
pairing correlations and the proximity of shell (or subshell)
energy gaps. However, the details presented in the foregoing
sections reveal that excited 0þ states can be the result of the
interplay of important interactions which may produce struc-
tures different from the ground state. In this section we
present a perspective on 0þ states which shows that much
work needs to be done to achieve a unified perspective.

The structure of singly closed shell nuclei is well described
by the seniority pair-coupling scheme when it is dominated
by a single-j subshell [see, e.g., Talmi (1993) and Rowe and
Rosensteel (2001)]. However, when there are multiple active
j subshells, the simple seniority scheme will in general be
modified in a major way. The examples of 68Ni and 90Zr are
shown in Figs. 49 and 50, respectively. It is clear from the
systematic of the seniority-two states that the ground state
and first-excited 0þ state in each case result from strong
mixing of two underlying 0þ configurations. This is because
each of these nuclei possesses a j ¼ 1=2 configuration close
to the Fermi energy. A j ¼ 1=2 pair can only have seniority
zero and so the seniority-two states form a uniformly spaced
multiplet.

The situations shown in Figs. 49 and 50 can be misinter-
preted if the energies of the 2þ states are used to deduce

structure: A naive conclusion would be that 68Ni and 90Zr
have (weak) doubly closed shell character because of the high
2þ energies. One must then conclude from the energies of the
first-excited 2þ states in neighboring nuclei (which are sig-
nificantly lower) that the closed subshell structure collapses.
The answer is clear from Figs. 49 and 50: the j ¼ 1=2 orbital,
which is nearly degenerate with the higher-j orbital, is re-
sponsible and there is not an energy gap as would occur for a
doubly closed shell. Further discussion of the structure of
68Ni and 90Zr, particularly the 0þ state at 2512 keV in 68Ni,
can be found in Pauwels et al. (2010). The nuclei 14C, 14O,
146Gd and probably 24O are other examples where j ¼ 1=2
orbitals produce unusually high first-excited 2þ state ener-
gies. [The nucleus 24O has recently received attention
(Hoffman et al., 2009; Janssens, 2009; Kanungo et al.,
2009) as a potential new doubly closed shell candidate.]

Nuclei adjacent to closed shells have been conventionally
viewed as spherical and soft with the consequence that first-
excited 0þ states in such nuclei are regarded as two-phonon
quadrupole vibrational excitations. In the event that the first-
excited 0þ state is a deformed intruder state, then the view is
that the second-excited 0þ state is the two-phonon state. The
Cd isotopes have been adopted as a textbook example of this.
Recent experimental work, reviewed by Garrett and Wood
(2010), revealed that the 0þ states in 110;112;114;116Cd, long
held to be two-phonon vibrational states, do not exhibit the
strong two-phonon to one-phonon BðE2Þ strengths character-
istic of a quadrupole vibrator. Failure of the vibrational
description of these isotopes also at the three-phonon level
leads to the conclusion (Garrett and Wood, 2010) that the
description is inapplicable. This raises the question: What is
the nature of the 0þ states in 110;112;114;116Cd that have been
interpreted as two-phonon states? A likely answer comes
from (3He, d) one-proton transfer (Auble et al., 1972) which
strongly populates this 0þ state in 110Cd. This suggests that
these states involve a different proton pair distribution rela-
tive to the ground state. Based on the ground-state configu-
rations of the 107;109Ag target nuclei, this is likely due to the
2p1=2 and 1g9=2 proton orbits forming separate 0þ

configurations.
The data presented in Secs. III.A and III.B illustrate a wide

range of examples where caution needs to be exercised in the
interpretation of excited 0þ states in nuclei. An overview of
0þ states is presented in Tables IV and V: They show hQ2i
values, constructed from E2 matrix elements obtained by
multistep Coulomb excitation, where data are available for
ground and excited 0þ states in doubly even nuclei. Values of
hQ2i for excited 0þ states different from ground states could
be interpreted as due to vibrational fluctuations. However,
results in the Cd isotopes (Garrett and Wood, 2010) and in the
N ¼ 90 isotones [see Sec. III.A.4 and Kulp et al. (2008)]
show no evidence for vibrations and strongly suggest that a
broader view is necessary.

An important spectroscopic fingerprint that needs to be
widely employed in the interpretation of excited 0þ states is
E0 transition strengths. The strength of E0 transitions gives a
model-independent view of the mean-square radii of the 0þ

configurations underlying the transition (Wood et al., 1999).
It also provides a measure of the mixing strength of the
configurations (see Sec. III.A.1). These are both fundamental
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FIG. 47 (color online). Global systematics for the quantities
B42 :¼ BðE2; 4þ ! 2þÞ=BðE2; 2þ ! 0þÞ and Eð4þÞ=Eð2þÞ plot-
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values are characteristic of nonrotational nuclei and yet the B42

ratios are characteristic of a rigid rotor. Uncertainties in B20 and B42

are not shown as they would clutter the figure. The data are from
Nuclear Data Sheets.
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was placed 25 mm downstream from the 208Pb target. The
active area with inner and outer radii of 11 and 35 mm,
respectively, was segmented into 16 concentric rings and
16 azimuthal sectors. The energy resolution of the silicon
detector was sufficient to distinguish between the scattered
Kr projectiles and the recoiling Pb nuclei. This allowed a full
kinematical reconstruction of the Coulomb excitation events
when either the Kr or the Pb nucleus was detected. The
DSSD covered scattering angles between 23.8◦ and 54.5◦ in
the laboratory frame corresponding to a continuous range of
scattering angles between 24◦ and 145◦ in the center-of-mass
frame. For the scattering angles covered by the DSSD the
distance of closest approach d between projectile and target
nuclei always corresponded to “safe” values to ensure a purely
electromagnetic excitation, fulfilling the condition [11]

d > 1.25
(
A

1/3
P + A

1/3
T

)
+ 5 fm. (1)

The segmentation of the silicon detector allowed measuring
the differential Coulomb excitation cross section as a function
of scattering angle. Unscattered projectiles left the target
area through the central hole in the detector, reducing the
radioactive background from the beam.

The γ rays depopulating the Coulomb-excited states were
detected in the EXOGAM array [12] of large segmented
germanium clover detectors with escape suppression shields.
Each clover detector comprises four individual germanium
crystals, and each crystal is electrically segmented into four
longitudinal segments. The array comprised six full-size and
one smaller clover detector for the 76Kr experiment, and seven
large and four smaller detectors for the 74Kr experiment. The
detectors were placed at 90◦ and 135◦ with respect to the
beam axis, and the distance between the front face of the
detectors and the target was 11.2 cm for the large and 14 cm
for the smaller detectors. The efficiency for full-energy
absorption of a 1.3 MeV γ ray was measured to be 12%
during the 74Kr experiment. Events were recorded when at
least one γ ray was detected in coincidence with one of the
collision partners. The coincidence requirement suppressed
the very large background from the radioactive beam almost
completely. The segmentation of both the germanium and the
silicon detectors allowed a precise determination of the relative
angle between scattered Kr projectiles and the emitted γ rays.
After Doppler correction a resolution of 8 keV was obtained
for a γ ray of 500 keV.

III. DATA ANALYSIS AND RESULTS

A. 76Kr Experiment

The total Doppler corrected γ -ray spectrum in coincidence
with either the scattered 76Kr projectiles or the recoiling 208Pb
target nuclei is shown in Fig. 2. The spectrum is very clean
and neither background from the radioactive decay of the beam
nor from isobaric contaminants of the beam are present. Data
were collected for ∼50 h with a secondary beam intensity of
5 × 105 pps. The ground-state band was observed up to the 8+

state, populated in multi-step Coulomb excitation, and several
non-yrast states were excited. A partial level scheme of 76Kr
is presented in Fig. 3, showing all states that were included in
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FIG. 2. Total γ -ray spectrum in logarithmic scale after Coulomb
excitation of the 4.4 A MeV 76Kr beam on a 208Pb target of 0.9 mg/cm2

thickness in coincidence with either the scattered beam particle or
recoiling target nucleus.

the Coulomb excitation analysis and all transitions that were
observed. All states and transitions of the level scheme in Fig. 3
had been observed previously [13].

The 0+
2 state at 770 keV, which is a candidate for having a

shape different from that of the ground state, is populated and
its decay to the 2+

1 state observed. The 2+
3 state at 1687 keV is

feeding the 0+
2 state. However, this transition of 918 keV is not

fully resolved from the 4+
2 → 4+

1 transition with 923 keV. The
"J = 2 sequence above the 2+

2 state at 1222 keV has been
interpreted [14] as a K = 2 quasi-gamma band together with a
"J = 2 sequence on top of a 3+ state at 1733 keV, which was
not populated in the present Coulomb excitation experiment.
The 2+

2 state of this band, however, was populated and possibly
also the 4+

2 state, so that all even-spin members of the band
have been included in the Coulomb excitation analysis.

To extract matrix elements from the differential Coulomb
excitation cross sections and the observed γ -ray yields, the
data was divided into several subsets corresponding to different
ranges of scattering angles. Because the innermost rings and
some rings in the center of the segmented silicon detector

FIG. 3. Partial level schemes of 74Kr (left) and 76Kr (right)
showing all transitions observed in the measurement and their
energies in keV and all states that were included in the Coulomb
excitation analysis.
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FIG. 6. (Color online) Intensity of some of the γ -ray transitions
in 76Kr as a function of scattering angle in the center-of-mass frame.
All intensities have been normalized to the 2+

1 → 0+
1 transition.

B. 74Kr Experiment

The production rate of 74Kr with SPIRAL is at the limit
of feasibility for a measurement of spectroscopic quadrupole
moments with the low-energy Coulomb excitation technique
utilizing the reorientation effect. An average secondary beam
intensity of 104 pps was achieved during the experiment. The
lower beam intensity compared to the 76Kr experiment was
partly compensated by a longer running time of ∼150 h.
Furthermore, the experimental difficulties concerning the
silicon detector could be resolved and a larger range of
scattering angles was covered. The number of germanium
clover detectors in the EXOGAM array was also increased,
resulting in a higher full-energy detection efficiency of 12% at
a γ -ray energy of 1.3 MeV. Even though the secondary beam
intensity for 74Kr was 50 times smaller compared to the 76Kr
experiment, the level of statistics was only reduced by a factor
of five. The total γ -ray spectrum in coincidence with either
scattered 74Kr projectiles or recoiling target nuclei is shown in
Fig. 7. In addition to transitions in 74Kr the 2+

1 → 0+
1 transition
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FIG. 7. Total γ -ray spectrum after Coulomb excitation of the
4.7 A MeV 74Kr beam on a 208Pb target of 1.0 mg/cm2 thickness in
coincidence with either the scattered beam particle or recoiling target
nucleus.

of 74Se is also visible in the spectrum. Its strength accounts for
1.2% of the total beam intensity. No other contaminants of the
beam were observed.

A partial level scheme of 74Kr with the observed transitions
is presented in Fig. 3. As was the case for 76Kr, the ground-state
band of 74Kr was populated up to the 8+ state. The metastable
0+

2 state at 508 keV was interpreted as a shape isomer
corresponding to a shape different from that of the ground
state [7]. This state is populated via the 694 keV transition from
the 2+

2 state. Its decay proceeds via an enhanced E0 transition
to the ground state and a strongly converted E2 transition of
52 keV to the 2+

1 state [5–7] and is therefore not observed in
this experiment. The 2+

2 state also decays to the 2+
1 and directly

to the ground state. The branching ratio for the decay of the 2+
2

state is known from an earlier measurement [15]. A 4+
2 state

is expected above the 2+
2 state as part of a rotational structure,

but has not been reported previously. A new transition is
observed at 910 keV in the spectrum of Fig. 7, which does
not correspond to any known transition in 74Kr or neighboring
nuclei that could potentially contaminate the beam. Because
the energy and, as will be shown, the matrix element of
this transition agree with the expected rotational state, a 4+

2
state is tentatively placed at 2112 keV. Weak γ γ coincidence
data were obtained confirming the above assignment, but an
alternative interpretation of the 910 keV peak as a 4+

2 → 4+
1

transition cannot be completely excluded. In this case the 4+
2

state would be located 188 keV lower.
A third 0+ state at 1654 keV and a third 2+ state at 1741 keV

excitation energy have been observed after β decay [15]. The
0+

3 → 2+
1 transition of 1198 keV is not resolved from the

2+
2 → 0+

1 transition of 1202 keV. The larger width of the
peak at 1200 keV, however, shows that the 0+

3 state was also
populated. The 2+

3 → 0+
2 transition of 1233 keV is visible as a

shoulder of this peak, and a very weak transition at 1285 keV
is interpreted as the 2+

3 → 2+
1 transition.

The full data set for 74Kr was divided into four ranges of
scattering angles as shown in Table II. The first two ranges,
A and B, correspond to the detection of the 74Kr projectile
in the silicon detector, whereas the last two ranges, C and D,
correspond to the detection of the recoiling 208Pb nuclei from
the target. The individual spectra from the four subsets of
data are shown in Fig. 8. This division is again a compromise
between the maximum number of data sets and the minimum
level of statistics required to extract the γ -ray yields. A
division into only two ranges of scattering angles improves
the uncertainty of the γ -ray yields, but was found to result in
an insufficient number of data points to determine the large
number of matrix elements needed to describe the data. The
yields extracted from the spectra of Fig. 8 are summarized in
Table II.

During the data analysis it was found that the silicon
detector was not fully aligned with the beam axis in the
experiment. The count rates are not isotropically distributed
over the azimuthal sectors of the detector. By measuring
the Rutherford scattering cross section individually for the
azimuthal sectors and comparing to a Monte Carlo simulation,
the displacement of the detector with respect to the beam
axis was found to be 3.0(5) mm. This misalignment breaks the
cylindrical symmetry of the set-up and introduces an azimuthal
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was placed 25 mm downstream from the 208Pb target. The
active area with inner and outer radii of 11 and 35 mm,
respectively, was segmented into 16 concentric rings and
16 azimuthal sectors. The energy resolution of the silicon
detector was sufficient to distinguish between the scattered
Kr projectiles and the recoiling Pb nuclei. This allowed a full
kinematical reconstruction of the Coulomb excitation events
when either the Kr or the Pb nucleus was detected. The
DSSD covered scattering angles between 23.8◦ and 54.5◦ in
the laboratory frame corresponding to a continuous range of
scattering angles between 24◦ and 145◦ in the center-of-mass
frame. For the scattering angles covered by the DSSD the
distance of closest approach d between projectile and target
nuclei always corresponded to “safe” values to ensure a purely
electromagnetic excitation, fulfilling the condition [11]
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1/3
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1/3
T

)
+ 5 fm. (1)

The segmentation of the silicon detector allowed measuring
the differential Coulomb excitation cross section as a function
of scattering angle. Unscattered projectiles left the target
area through the central hole in the detector, reducing the
radioactive background from the beam.

The γ rays depopulating the Coulomb-excited states were
detected in the EXOGAM array [12] of large segmented
germanium clover detectors with escape suppression shields.
Each clover detector comprises four individual germanium
crystals, and each crystal is electrically segmented into four
longitudinal segments. The array comprised six full-size and
one smaller clover detector for the 76Kr experiment, and seven
large and four smaller detectors for the 74Kr experiment. The
detectors were placed at 90◦ and 135◦ with respect to the
beam axis, and the distance between the front face of the
detectors and the target was 11.2 cm for the large and 14 cm
for the smaller detectors. The efficiency for full-energy
absorption of a 1.3 MeV γ ray was measured to be 12%
during the 74Kr experiment. Events were recorded when at
least one γ ray was detected in coincidence with one of the
collision partners. The coincidence requirement suppressed
the very large background from the radioactive beam almost
completely. The segmentation of both the germanium and the
silicon detectors allowed a precise determination of the relative
angle between scattered Kr projectiles and the emitted γ rays.
After Doppler correction a resolution of 8 keV was obtained
for a γ ray of 500 keV.

III. DATA ANALYSIS AND RESULTS

A. 76Kr Experiment

The total Doppler corrected γ -ray spectrum in coincidence
with either the scattered 76Kr projectiles or the recoiling 208Pb
target nuclei is shown in Fig. 2. The spectrum is very clean
and neither background from the radioactive decay of the beam
nor from isobaric contaminants of the beam are present. Data
were collected for ∼50 h with a secondary beam intensity of
5 × 105 pps. The ground-state band was observed up to the 8+

state, populated in multi-step Coulomb excitation, and several
non-yrast states were excited. A partial level scheme of 76Kr
is presented in Fig. 3, showing all states that were included in
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FIG. 2. Total γ -ray spectrum in logarithmic scale after Coulomb
excitation of the 4.4 A MeV 76Kr beam on a 208Pb target of 0.9 mg/cm2

thickness in coincidence with either the scattered beam particle or
recoiling target nucleus.

the Coulomb excitation analysis and all transitions that were
observed. All states and transitions of the level scheme in Fig. 3
had been observed previously [13].

The 0+
2 state at 770 keV, which is a candidate for having a

shape different from that of the ground state, is populated and
its decay to the 2+

1 state observed. The 2+
3 state at 1687 keV is

feeding the 0+
2 state. However, this transition of 918 keV is not

fully resolved from the 4+
2 → 4+

1 transition with 923 keV. The
"J = 2 sequence above the 2+

2 state at 1222 keV has been
interpreted [14] as a K = 2 quasi-gamma band together with a
"J = 2 sequence on top of a 3+ state at 1733 keV, which was
not populated in the present Coulomb excitation experiment.
The 2+

2 state of this band, however, was populated and possibly
also the 4+

2 state, so that all even-spin members of the band
have been included in the Coulomb excitation analysis.

To extract matrix elements from the differential Coulomb
excitation cross sections and the observed γ -ray yields, the
data was divided into several subsets corresponding to different
ranges of scattering angles. Because the innermost rings and
some rings in the center of the segmented silicon detector

FIG. 3. Partial level schemes of 74Kr (left) and 76Kr (right)
showing all transitions observed in the measurement and their
energies in keV and all states that were included in the Coulomb
excitation analysis.

054313-3

E.	  Clement	  et	  al.,	  Phys.	  Rev.	  C75	  054313	  (2007)	  

76Kr	  

74Kr	   74Kr	   76Kr	  



72,74Kr:	  02+	  states	  observed	  by	  conversion	  
electron	  spectroscopy	  via	  IT	  decay	  of	  72m,74mKr	  	  

[Fig. 2(c)] corresponds to a second decay branch of the
isomer through the first excited 2! state. The low-energy
0!2 ! 2!1 E2 transition is observed as a (very weak) line
at "52 keV in both the Si(Li) and the Ge detectors,
confirming the indirect evidence reported in [9]. We
were only able to detect ! rays from this transition, but
no conversion electrons, most likely due to the strong
straggling effects in the implantation foil. From both
decay branches, a new improved lifetime value of 18:8#
0:5$stat% # 0:5$syst% ns is obtained.

In order to determine the E0 strength in 74Kr, the par-
tial lifetime for the E0 decay has to be deduced from the
E2 to E0 branching ratio T$E2%=T$E0%. The best estimate
for this ratio is obtained by comparing the intensities of
the E0 transition [observed in the Si(Li) detector] and the
456 keV E2 transition (observed in the Ge detectors). This
results in a value of T$E2%=T$E0% & 1:2# 0:2$stat% #
0:3$syst%. The rather large systematic uncertainty is
mainly related to the efficiency corrections, especially
for the electrons, due to a rather strong dependence on the
exact implantation point in the close geometry. This ratio
is significantly larger than the one obtained in a recent
beta-decay study [14], but the statistical significance of
the E2 branch is much higher in our experiment. From
the branching ratio a reduced E2 transition strength

of B$E2; 0!2 ! 2!1 % & 0:56# 0:23 e2 b2 and a mono-
pole strength of "2$E0% & $85# 19% ' 10(3 has been
determined.

The low-spin level schemes of neutron-deficient Kr
isotopes including the new excited 0! states are shown
in Fig. 3. In all the isotopes, a regular rotational band,
characteristic for a well-deformed shape, is observed at
higher spins (not shown in Fig. 3), but for the lowest states
(I ) 6 !h) this regularity is lost, which is interpreted as
evidence for a perturbation from other close lying states
[8]. The energetic position of the unperturbed states can
be obtained by an extrapolation of the rotational states
towards lower spins (see [8,10]). This procedure relies on
the reasonable assumption that the higher spin states are
not perturbed. From the energy difference of the per-
turbed and unperturbed states for a given spin (denoted
as "0 and "), the mixing matrix element (V) and the
(squared) mixing amplitudes can be derived in a two-
level mixing calculation [19] (see Table I).

From the systematic behavior of the Kr isotopes, the
following conclusions can be drawn. The energy of the 0!2
states follows a parabolic trend with a minimum in 74Kr.
Here, the unperturbed states are practically degenerate
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FIG. 2. Conversion-electron spectra obtained in coincidence
with 72Kr ions (a) and 74Kr (b). The insets show an expansion of
the region around the E0 decays and the corresponding time
spectrum. (c) !-ray spectrum obtained from 74Kr fragments
including the time spectrum corresponding to the 456 keV E2
transition.

TABLE I. Results of a two-level mixing calculation [19] for
the coexisting 0! states in Kr isotopes. From the energy
differences of the perturbed ("0) and unperturbed (") states,
the mixing matrix element (V) and the (squared) mixing
amplitudes for the prolate (a2) and the oblate configuration
(b2 & 1( a2) are obtained.

"0 " V
Nuclide [MeV] [MeV] [MeV] b2

78Kr 1.01718(3) 0.80(1) 0.31(1) 0.11(2)
76Kr 0.7700(2) 0.36(1) 0.34(1) 0.27(1)
74Kr 0.508(1) (0:02$1% 0.25(1) 0.52(1)
72Kr 0.671(1) (0:54$1% 0.20(1) 0.90(1)
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[Fig. 2(c)] corresponds to a second decay branch of the
isomer through the first excited 2! state. The low-energy
0!2 ! 2!1 E2 transition is observed as a (very weak) line
at "52 keV in both the Si(Li) and the Ge detectors,
confirming the indirect evidence reported in [9]. We
were only able to detect ! rays from this transition, but
no conversion electrons, most likely due to the strong
straggling effects in the implantation foil. From both
decay branches, a new improved lifetime value of 18:8#
0:5$stat% # 0:5$syst% ns is obtained.

In order to determine the E0 strength in 74Kr, the par-
tial lifetime for the E0 decay has to be deduced from the
E2 to E0 branching ratio T$E2%=T$E0%. The best estimate
for this ratio is obtained by comparing the intensities of
the E0 transition [observed in the Si(Li) detector] and the
456 keV E2 transition (observed in the Ge detectors). This
results in a value of T$E2%=T$E0% & 1:2# 0:2$stat% #
0:3$syst%. The rather large systematic uncertainty is
mainly related to the efficiency corrections, especially
for the electrons, due to a rather strong dependence on the
exact implantation point in the close geometry. This ratio
is significantly larger than the one obtained in a recent
beta-decay study [14], but the statistical significance of
the E2 branch is much higher in our experiment. From
the branching ratio a reduced E2 transition strength

of B$E2; 0!2 ! 2!1 % & 0:56# 0:23 e2 b2 and a mono-
pole strength of "2$E0% & $85# 19% ' 10(3 has been
determined.

The low-spin level schemes of neutron-deficient Kr
isotopes including the new excited 0! states are shown
in Fig. 3. In all the isotopes, a regular rotational band,
characteristic for a well-deformed shape, is observed at
higher spins (not shown in Fig. 3), but for the lowest states
(I ) 6 !h) this regularity is lost, which is interpreted as
evidence for a perturbation from other close lying states
[8]. The energetic position of the unperturbed states can
be obtained by an extrapolation of the rotational states
towards lower spins (see [8,10]). This procedure relies on
the reasonable assumption that the higher spin states are
not perturbed. From the energy difference of the per-
turbed and unperturbed states for a given spin (denoted
as "0 and "), the mixing matrix element (V) and the
(squared) mixing amplitudes can be derived in a two-
level mixing calculation [19] (see Table I).

From the systematic behavior of the Kr isotopes, the
following conclusions can be drawn. The energy of the 0!2
states follows a parabolic trend with a minimum in 74Kr.
Here, the unperturbed states are practically degenerate
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FIG. 3. Systematics of excited 0! states in neutron-deficient
Kr isotopes and other low-spin states (from Refs. [15–18]). The
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each level scheme, while the oblate (or spherical) states are
shown on the right. The position of the unperturbed 0! states
(and their energy difference ") as obtained from an extrapo-
lation procedure [8,10] are indicated as dashed lines.
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FIG. 2. Conversion-electron spectra obtained in coincidence
with 72Kr ions (a) and 74Kr (b). The insets show an expansion of
the region around the E0 decays and the corresponding time
spectrum. (c) !-ray spectrum obtained from 74Kr fragments
including the time spectrum corresponding to the 456 keV E2
transition.

TABLE I. Results of a two-level mixing calculation [19] for
the coexisting 0! states in Kr isotopes. From the energy
differences of the perturbed ("0) and unperturbed (") states,
the mixing matrix element (V) and the (squared) mixing
amplitudes for the prolate (a2) and the oblate configuration
(b2 & 1( a2) are obtained.

"0 " V
Nuclide [MeV] [MeV] [MeV] b2

78Kr 1.01718(3) 0.80(1) 0.31(1) 0.11(2)
76Kr 0.7700(2) 0.36(1) 0.34(1) 0.27(1)
74Kr 0.508(1) (0:02$1% 0.25(1) 0.52(1)
72Kr 0.671(1) (0:54$1% 0.20(1) 0.90(1)
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Quadrupole	  shape	  invariants	  constructed	  from	  
E2	  matrix	  elements	  for	  74,76Kr	  

E. CLÉMENT et al. PHYSICAL REVIEW C 75, 054313 (2007)

C. Rotational invariants and the sum-rule method

Finally, the matrix elements are analyzed using a model-
independent description of the nuclear shape in terms of
global quadrupole-deformation parameters. This can be done
by constructing rotational invariants of zero-coupled products
of the E2 operator, which can be linked to the deformation
parameters in the intrinsic frame of the nucleus [8,16].

The electric quadrupole operator E(λ = 2, µ) is a spherical
tensor that can be parameterized in the principal axes frame
using the two parameters Q and δ as:

E(2, 0) = Qcos(δ),

E(2, 1) = E(2,−1) = 0,

E(2, 2) = E(2,−2) = 1√
2
Qsin(δ).

The parameter Q measures the overall deformation and is
equivalent to the elongation parameter β in the Bohr model,
whereas δ is related to the triaxiality parameter γ . The simplest
zero-coupled products of the E2 operator can then be written
as:

〈I‖[E2 × E2]0‖I 〉 = Q2

√
5
,

〈I‖{[E2 × E2]2 × E2}0‖I 〉 = −
√

2
35

Q3cos(3δ).

The E2 invariants can be expressed in the laboratory frame
by an expansion over all possible intermediate states using
Wigner’s 6j symbols:

〈Ii‖[E2 × E2]0‖Ii〉

= ( − 1)2Ii

√
2Ii + 1

∑

j

〈Ii‖M(E2)‖Ij 〉〈Ij‖M(E2)‖Ii〉

×
{

2 2 0

Ii Ii Ij

}
,

〈Ii‖{[E2 × E2]2 × E2}0‖Ii〉

= 1
2Ii + 1

∑

j,k

〈Ii‖M(E2)‖Ij 〉

×〈Ij‖M(E2)‖Ik〉〈Ik‖M(E2)‖Ii〉
{

2 2 2

Ii Ij Ik

}
.

If the relevant matrix elements are experimentally known,
the deformation parameters can be determined in a model-
independent way by summing over all closed loops of E2
matrix elements, including diagonal ones, connected to a
specific state. This method is particularly useful to attribute
shape parameters to 0+ states, which are not directly accessible
in the laboratory frame. Besides statistical errors of the
E2 matrix elements, an additional systematic error comes
from an incomplete knowledge of the matrix elements. Any
loop that is not considered in the sum will reduce the
deformation parameter Q2 and may change the triaxiality
parameter cos(3δ) depending on the relative signs of the
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FIG. 17. Quadrupole deformation parameters obtained by the
sum-rule method for the 0+ states in 74Kr and 76Kr.

unknown matrix elements. The analysis of the rotational
invariants in the present case of 74Kr and 76Kr has therefore
been restricted to the 0+ states, so that only the transitional
matrix elements 〈0i‖M(E2)‖2j 〉 and 〈2i‖M(E2)‖2j 〉 and
the diagonal matrix elements 〈2i‖M(E2)‖2i〉 have to be
considered. In deformed nuclei most of the E2 strength is
exhausted by the first rotational 2+ state. Due to the shape
coexistence and configuration mixing also the excited 2+ states
contribute significantly to the shape parameters of the 0+ states
in the krypton isotopes. Extending the analysis to states of
higher spin seems unreliable because the set of matrix elements
cannot be considered to be complete for higher-spin states.

The resulting quadrupole deformation parameters for the
first and second 0+ states in 74Kr and 76Kr are presented in
Fig. 17. The Q2 parameter is very similar for the ground
states in 74Kr and 76Kr. It seems surprising that in 74Kr the
deformation parameter for the excited oblate 0+

2 state is larger
than that of the prolate ground state, even though the absolute
value of the experimental quadrupole moment is larger for
the prolate 2+

1 than for either of the non-yrast 2+ states. The
difference between the ground state and excited 0+

2 state is
even more pronounced in 76Kr. The extremely large Q2 value
of the 0+

2 state is related to the strong coupling of this state to all
three 2+ states, in particular to the 2+

2 state. It is interesting to
note in this context that the experimental quadrupole moment
of the oblate 2+

3 state is indeed very large, and also the analysis
in the two-band mixing model suggests a rather large oblate
deformation, so that there seems to be experimental evidence
for an increase in oblate deformation from 74Kr to 76Kr.

The parameter cos(3δ) suggests an almost purely prolate
shape for the ground state of 76Kr and a mostly prolate shape
with some triaxiality for the ground state of 74Kr. An oblate
triaxial shape is found for the excited 0+

2 state in 76Kr and
maximum triaxiality for the 0+

2 state in 74Kr. The results
found for the triaxiality parameter cos(3δ) are in qualitative
agreement with the findings of the two-band mixing model.
The mixing of prolate and oblate configurations leads to a
certain triaxiality of the 0+ states. In the case of 74Kr the
maximum mixing between a large prolate and smaller oblate
deformation could introduce a slight triaxiality in the ground
state, but affect the shape of the 0+

2 state much stronger,
resulting in a shape with large triaxiality. The results again
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35
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can be defined, which are rotational invariants, and are thus
the same in the body frame as the laboratory frame. Expec-
tation values of these invariants can be evaluated because
they can be written as sums of products of E2 reduced matrix
elements by making intermediate state expansions. For
ground-state expectation values in the present model, only
two intermediate states, 21

+ and 22
+, are involved. Thus,

!q2" # !01
+)Q̂)21

+"!21
+)Q̂)01

+" + !01
+)Q̂)22

+"!22
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and
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+"!2s
+)Q̂)01

+" .

&41'

Equation (40) is trivially fulfilled by Eqs. (17) and (18) with
the result !q2"=Qo

2 Equation (41) is fulfilled by Eqs.
(17)–(21), viz.,

!q3 cos 3!" = Qo
3 cos2&# + $'cos&# − 2$'

+ 2Qo
3 cos&# + $'sin&# − 2$'sin&# + $'

− Qo
3 sin2&# + $'cos&# − 2$'

= Qo
3$cos&# − 2$'cos&2# + 2$'

+ sin&# − 2$'sin&2# + 2$'%

= Qo
3 cos$&# − 2$' + &2# + 2$'%

= Qo
3 cos 3# , &42'

which demonstrates the independence of the “triaxiality”
moment with respect to mixing effects.
A final point to be noted regarding the present model

treatment is its direct connection to Mikhailov band mixing

for the 21
+ and 22

+ states. Band mixing for K=0 (ground) and
K=2 (gamma) bands can be expressed generically to lowest
order in the form, originally due to Mikhailov (see [12] for
an extensive discussion),

B&E2;I,K = 2→ I!,K = 0'
!I22,− 2+I!0"2

= ,M1 +M2$I!&I! + 1' − I&I + 1'%-2. &43'

In the present treatment, the %K=2 coupling is given explic-
itly by Eq. (2) and leads to

+G+ =(8&

15
M2

Qo
$E&22

+' − E&21
+'% , &44'

which determines the slope, M2, of a Mikhailov plot. If there
is no mixing, M2=0 and Eq. (43) yields a constant value,
M1=Qo cos #, which is the intercept of a Mikhailov plot.
This relationship between the triaxial rotor and Mikhailov
plots has been emphasized by Wu and Cline [6].
The present work provides new insight into the triaxial

rotor model, which is widely used as a basic description of
nuclear collectivity. It explicitly illustrates the contributions
of mixing effects, resulting from the triaxiality of the inertia
tensor, to the triaxial signatures in experimental data. An
interference effect results between the mixing angle and the
triaxial shape angle. The model extends the applicability of
triaxial rotor descriptions to nuclei that previously were out-
side of the range of the model (using irrotational moments of
inertia). Information is provided on the ratios of the compo-
nents of the inertia tensor in nuclei: they are not irrotational.
A deeper insight into the Kumar-Cline shape invariants is
obtained: the extracted triaxiality centroid depends only on
the triaxial shape angle, not on the mixing angle.

We wish to acknowledge valuable discussions on various
aspects of the model with David Rowe. This work was sup-
ported in part by U.S. Department of Energy Grant No. DE-
FG02-96ER40958.

TABLE II. Fitted rotational parameters and their ratios with respect to irrotational parameters [Eq. (27)]
for selected nuclei.

Nucleus A1
expt A2

expt A3
expt &A2

expt /A2
irrot'a &A3

expt /A3
irrot'a

186Os 17.5 28.1 181. 0.918 0.614
188Os 20.2 31.4 145. 0.768 0.633
166Er 11.4 15.4 189. 0.885 0.610
172Yb 11.9 14.3 360. 0.841 0.798
184W 16.4 20.6 217. 0.821 0.485

aFor A1
irrot#A1

expt
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Go	  forth	  and	  explore!	  

~3000 known (ca. 2013) 
~7000 can exist in the laboratory 

R&W	  Fig.	  1.2	  

Pure	  samples,	  with	  specified	  Z	  and	  N,	  even	  
at	  the	  single-‐atom	  level,	  can	  be	  isolated	  for	  
study	  in	  the	  laboratory.	  


