
NUCLEAR	
  STRUCTURE	
  (PART	
  II-­‐-­‐lectures):	
  	
  
viewed	
  from	
  afar	
  (from	
  stability)	
  

The	
  foundaDonal	
  models	
  of	
  the	
  nucleus	
  were	
  developed	
  based	
  on	
  structure	
  
studies	
  of	
  stable	
  and	
  near-­‐stable	
  nuclei	
  

	
  
Far-­‐from-­‐stability	
  studies	
  of	
  nuclear	
  structure	
  can	
  test	
  these	
  models	
  in	
  regions	
  of	
  

proton/neutron	
  number	
  far	
  away	
  from	
  their	
  point	
  of	
  origin	
  
	
  

Reference:	
  “Shape	
  coexistence	
  in	
  atomic	
  nuclei”,	
  	
  
Kris	
  Heyde	
  and	
  John	
  L.	
  Wood,	
  Rev.	
  Mod.	
  Phys.	
  83	
  1467	
  (2011)	
  	
  	
  



LECTURE	
  1:	
  The	
  saga	
  of	
  the	
  “island	
  of	
  inversion”	
  
-­‐-­‐breakdown	
  of	
  the	
  shell	
  model	
  vs.	
  shape	
  coexistence	
  @	
  N	
  =20	
  

•  IllustraDon	
  of	
  the	
  “first	
  signatures”	
  of	
  interesDng	
  
structure—	
  

	
  	
  	
  	
  	
  	
  masses	
  and	
  mean-­‐square	
  charge	
  radii	
  of	
  nuclear	
  
	
  	
  	
  	
  	
  	
  	
  	
  ground	
  states	
  
	
  
	
  	
  	
  	
  	
  	
  	
  energies	
  of	
  21+	
  states	
  of	
  even-­‐even	
  nuclei	
  

	
  
�  IllustraDon	
  of	
  the	
  Dme	
  frame	
  for	
  elucidaDon	
  of	
  
underlying	
  structure	
  by	
  detailed	
  spectroscopy	
  



Ground-­‐state	
  properDes	
  are	
  a	
  direct	
  signature	
  of	
  
shell	
  and	
  deformaDon	
  structures	
  

R&W	
  Fig.	
  1.41	
  

R&W	
  Fig.	
  1.42	
  

Differences	
  in	
  mean-­‐square	
  charge	
  radii	
  (isotope	
  shifs)	
  
determined	
  by:	
  
	
  	
  opDcal	
  hyperfine	
  spectroscopy	
  using	
  lasers	
  

Two-­‐neutron	
  separaDon	
  energies	
  deduced	
  from	
  
nuclear	
  masses	
  determined	
  by:	
  
	
  	
  direct	
  mass	
  measurements	
  



21+	
  state	
  properDes	
  are	
  a	
  strong	
  signature	
  of	
  
shell	
  and	
  deformed	
  structures	
  

R&W	
  Fig.	
  1.39	
  

R&W	
  Fig.	
  1.40	
  

Energies	
  of	
  21+	
  states	
  determined	
  by:	
  
	
  gamma-­‐ray	
  spectroscopy	
  following	
  β	
  decay	
  
	
  	
  	
  problem—β-­‐decaying	
  parent	
  is	
  further	
  from	
  stability	
  and	
  yield	
  will	
  be	
  (much)	
  
	
  	
  	
  	
  	
  	
  lower	
  than	
  nucleus	
  of	
  interest	
  
	
  	
  
gamma-­‐ray	
  spectroscopy	
  following	
  Coulomb	
  excitaDon	
  

Reduced	
  E2	
  transiDon	
  rates,	
  B(E2)	
  from	
  21+	
  states	
  
determined	
  by:	
  
	
  lifeDme	
  measurements	
  using	
  fast	
  β-­‐γ	
  Dming	
  following	
  β	
  decay	
  
	
  	
  	
  problem-­‐-­‐see	
  above	
  
	
  	
  
gamma-­‐ray	
  yields	
  following	
  Coulomb	
  excitaDon	
  



N=20:	
  sudden	
  onset	
  of	
  deformaDon	
  in	
  the	
  Na	
  isotopes	
  
revealed	
  by	
  ground-­‐state	
  isotope	
  shif	
  and	
  mass	
  data	
  

1 52 fL. Wood et a!., Coexistence in even-mass nuclei
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Fig. 3.8. The systematics of the isotope shifts, ö(r
2~(relative to 26Na), and the two-neutron separation energies, S

2,,, in the
neutron-rich Na isotopes. For S2,,, where no error bars are shown they are too small to be visible. The solid lines are to
guide the eye. The dashed lines show smooth extrapolated trends for A < 28. The behavior at N = 20 is not that expected
for a shell closure (see text). See also fig. 2.1. The ô(r

2) values are taken from [Tou821. The S
2,, values are computed from

the average values of masses taken from [Vie86, Gi187, Wap88].

explored in some detail in ref. [Hey9l 1. Ground-state deformation in
32Mg would be expected to

increase the ground-state binding energy which would explain the high S
2n value for this nucleus

(see fig. 2.1). The adjacent closed-shell nucleus
31Na also has an anomalously high value of S

2~
and an anomalous isotope shift: these are shown in fig. 3.8. The “normal” behavior of ô(r

2) and
S
2,~,as one approaches a closed neutron shell from below, is a distinct discontinuity in ö(r

2) (see,
e.g., figs. 3.31 and 3.32) and a major decrease in S

2,, (see, e.g., figs. 3.31 and 3.32). The anomalies
in
31Na can be explained also by ground-state deformation: this is discussed further in section 4.2,

table 4.5. In addition, there are very recent new mass measurements [Orr9l]in the neutron rich
9 < Z < 13 region which confirm the extra binding of 32Mg and 31Na and reveal 30Ne to have

excess binding energy, also.

3.2.2. The calcium isotopes
The calcium isotopes exhibit a rich variety of pair excitations. The systematics of 0~states and

(probable) dominant pair configurations are shown in fig. 3.9. The evidence for collective bands
in 40Ca and 42Ca is presented in figs. 3.2 and 3.7, respectively. Although deformed bands can be
expected built on the 0~state in 42Ca, the 0~and 0~states in 44Ca, and the 0~state in 46Ca,

Na	
  isotope-­‐shifs	
  determined	
  by:	
  
	
  G.	
  Huber	
  et	
  al.,	
  PRL	
  34,	
  1209	
  (1975);	
  	
  
	
  	
  	
  PR	
  C18,	
  2342	
  (1978)	
  

Na	
  	
  two-­‐neutron	
  separaDon	
  energies	
  deduced	
  	
  
from	
  masses	
  determined	
  by:	
  
	
  C.	
  Thibault	
  et	
  al.,	
  PR	
  C12,	
  644	
  (1975)	
  

BUT:	
  N	
  =	
  20	
  is	
  supposed	
  
	
  to	
  be	
  a	
  closed	
  shell!	
  



Studies	
  of	
  32Na	
  è	
  32Mg:	
  1979-­‐2008	
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FIG. 6. (Color online) A partial β-delayed γ -ray spectrum for
events coming within the first 60 ms after a 32Na implantation,
showing the important transitions in 32Mg. The 485, 1666, 2269,
and 3935 keV transitions with small intensities cannot be seen in
this scale. γ rays from daughter and granddaughter activities are also
indicated.

Qβ value, the γ decays observed would include decays in
daughter and granddaughter nuclei produced in 0n, 1n, and 2n
emissions. The short half-life of 32Na (∼13 ms), compared to
the other nuclides in question, allowed us to isolate transitions
in 32Mg easily. A partial spectrum collected for 60 ms after
the initial implantation is shown in Fig. 6, where the γ transi-
tions in 32Mg are indicated. Also seen are the strongest transi-
tions in the grand daughter 32Al (735 and 2765 keV [30]) from
the β− decay of 32Mg. The intensities of the γ lines are listed in
Table I.

III. DISCUSSION

The γ transitions in 32Mg were identified from fragment-
β-γ coincidences, as shown in Fig. 6. The decay curves of
these transitions were found to be consistent with the measured
half-life of 32Mg, allowing for an unambiguous identification
of these γ transitions. All the γ transitions seen in the present
work have already been reported in the recent β-decay work
of Mattoon et. al. [19], which was published at the time of
analysis of this data. The excited levels in 32Mg were created
from the γ transitions keeping in mind that the intensity and
energy sum rules were followed. Our analysis confirms the
level scheme proposed in Ref. [19], which differs significantly
from the earlier β-decay measurement of Klotz et al. [18].
The main difference lies in the placement of the 1232 keV
transition, now feeding the 2321 keV level instead of the
885 keV state. With this reassignment of the 1232 keV
transition, the 2117 keV level proposed in Ref. [18] is
eliminated and the apparent β-decay strength into the
2321 keV state is decreased, which in turn increases the log f t
value of this state. Also the 696 keV transition, though

TABLE I. Energies and intensities of γ transitions observed in
the β decay of 32Na. The absolute intensities were calculated using
the total number of β-decaying implantations, 12065 (250), obtained
from the fit shown in Fig 4.

Eγ (keV) Iγ
a Iγ (%) Ei → Ef (MeV)

51.0 (0.5) 17 (1) 10 (1) 0.051 → 0.0b

171.0 (0.5) 14 (1) 8 (1) 0.221 → 0.051b

221.0 (0.5) 9 (1) 5.5 (6) bc

240.0 (0.5) 16 (1) 9 (1) 0.4611 → 0.221b

485.0 (1) 6 (1) 3.6 (6) 3.037 → 2.551
696.0 (1) 6 (1) 3.4 (6) 3.553 → 2.858
735.0 (0.5) 10 (2) 6 (1) 0.735 → 0.0c

885.0 (0.5) 100 58 (3) 0.885 → 0.0
895.0 (1) 3 (1) 1.6 (5) 0.945 → 0.051b

1232.0 (1) 10 (2) 6 (1) 3.553 → 2.321
1436.0 (1) 15 (2) 9 (1) 2.321 → 0.885
1482.0 (1) 12 (2) 7 (1) 1.482 → 0.0d

1666.0 (1) 2 (1) 0.9 (4) 2.551 → 0.885
1783.0 (1) 10 (2) 5.6 (11) 4.820 → 3.037
1974.0 (1) 13 (2) 7 (1) 2.858 → 0.885
2152.0 (1) 47 (4) 27 (3) 3.037 → 0.885
2269.0 (1) 4 (1) 2.2 (7) 4.820 → 2.551
2551.0 (1) 8 (2) 4.8 (11) 2.551 → 0.0
2765.0 (1) 38 (6) 22 (3) 2.765 → 0.0c

3935.0 (1.5) 18 (4) 10 (2) 4.820 → 0.885

aIntensities relative to the 885 keV γ transition in 32Mg.
bSubsequent to β-delayed one-neutron emission, transition in 31Mg.
cDecay of daughter nuclei, transition in 32Al.
dSubsequent to β delayed two-neutron emission, transition in 30Mg.

observed in Ref. [18], was not placed in the level scheme.
It is now proposed to deexcite the level at 3.553 MeV created
by the 1232 keV transition feeding the 2321 keV state, further
strengthening the placement of the 1232 keV transition. The
transitions at 485 and 2269 keV, not seen in Ref. [18], feed
the 2551 keV level and lower its inferred β-decay strength
compared with the earlier work. Additionally, the intensity of
the 1974 keV γ line in the present work is about half of that
quoted in Ref. [18], where it was obscured by a decay from
128In, a contaminant. The level scheme from the present work
is shown in Fig. 7, which agrees with that of Ref. [19] apart
from the placement of the 4785 keV excited state.

The absolute intensities for β decay to the excited states in
32Mg were calculated using the total number of β-decaying
implants obtained from the fit to the total decay curve and
the measured absolute efficiencies of the γ detectors. The
direct feeding to the 2321 and 2551 kev states was found
to be extremely small, in contrast to that of Ref. [18]. With
the revised intensities, using the measured half-life for the
β decay of 32Na [13.1 (5) ms] and the Qβ values from
Ref. [27], the apparent log f t values were calculated according
to the prescription of Ref. [31]. For estimating the ground
state branch, the β-delayed neutron emission probabilities P1n

and P2n were taken from Ref. [18], 24 (7)% and 8 (2)%,
respectively. The observed branches seem to exhaust almost
all the β decay strength. However, keeping in mind that the
neutron separation energy, Sn, in 32Mg is 5.81 (2) MeV [27],
there is a possibility that weak decays from high-lying states
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FIG. 7. (Color online) Apparent β-feeding intensities for the
excited levels in 32Mg observed in the present work. Intensity of the
ground state was calculated using P1n of 24(7)% and P2n of 8(2)%
from Ref. [18]. The apparent log f t values were calculated using
the measured absolute intensities, half-life of 13.1 (5) ms, and Qβ

value of 20019(357) keV [27] according to Ref. [31]. The proposed
spin and parity assignments for the experimental levels are indicated
on the left. Predictions of the MCSM calculations with the SDPF-M
interaction are also shown. For MCSM, positive parity state levels
above 0+

2 are not shown for clarity. The negative parity states are
labeled as π−. All energies are in keV.

could not be observed. The apparent log f t values from the
present work are key to understanding the nature of the excited
states in the N = 20 nucleus 32Mg.

The level structure was compared with the calculations
in the sd shell model space with the USDA and USDB
interactions [2]. As noted before, the energy of the 2+ state is
predicted way too high, in sharp contrast to the experimental
result. To better reproduce the positive parity states for this
N = 20 nucleus and to describe the negative parity states,
which definitely involve excitation beyond the sd model
space, MCSM calculations were performed. The valence space
for the calculations is d5/2s1/2d3/2f7/2p3/2 and the SDPF-M
interaction [14,15] used in the calculations consists of three
parts: USD and Kuo-Brown for the sd and fp shells and a cross
shell interaction based on the Millener-Kurath interaction. The
unique feature of the SDPF-M interaction is the significant
variation of the N = 20 shell gap as a function of proton
number from oxygen to silicon, achieved by modifying the
monopole part of the interaction. There is no restriction about
configurations in the given single-particle space and so all
possible configurations are naturally mixed. Further details of
the calculation can be found in Refs. [14] and [15] and the
results are shown in Figs. 7 and 9 and Table II.

TABLE II. Experimental level energies compared with shell
model calculations with the USDA interaction and the SDPF-M
interaction. For the SDPF-M interaction the average number of fp

shell neutrons is also given. All energies are in MeV.

J π Eexp
x EUSDA

x
a ESDPF-M

x 〈ν〉fp

0+
1 0.0 0.0 0.0 2.2

2+
1 0.885 1.6 0.98 2.2

4+
1 2.321 2.6 2.63 2.1

2+
2

b 2.551 5.8 3.01 2.2

2+
3 – 7.1 3.92 1.6

1−
1 – – 3.81 3.0

2−
1

b 2.858 – 3.76 3.0

3−
1

b 3.553 – 3.99 2.9

4−
1 – – 4.47 2.2

5−
1 – – 4.58 2.6

2−
2

b 3.037 – 3.94 3.0

3−
2

b 4.820 – 4.65 2.5

4−
2 – – 4.96 2.0

5−
2 – – 5.14 1.6

0−
1 – – 5.62 2.9

aPredictions for USDB similar.
bTentative spin assignment.

A. Positive parity states

From simple shell model considerations, the ground state
of the N = 21 parent nucleus 32Na has negative parity. Hence
allowed β transitions can only feed negative parity states
(bound or unbound) in 32Mg. The negligible branching to the
known 0+ ground state and the first 2+ state at 885 keV in 32Mg
support the negative parity of 32Na. The large apparent log f t
values (>6) for the 2321 and 2551 keV states (Fig. 7), similar to
the ground and the 885 keV states, suggest a forbidden nature
of these β transitions also. Consistent with the positive parity
of the ground state (0+) and the state at 885 keV (2+), positive
parity is proposed for the 2321 and 2551 keV states, contrary
to Ref. [18]. The 2321 keV state, which decays exclusively to
the 2+

1 state, is the most likely candidate for the 4+
1 state as also

suggested in Refs. [21] and [22]. The MCSM calculations [14]
predict the 4+

1 state at 2.63 MeV, in good agreement with
the proposed state. This resolves the discrepancy around the
2321 keV state, which was long speculated to have positive
parity though it could not be reconciled with the negative
parity assignment of the earlier β-decay investigation [18].
With the 4+ state proposed at 2.32 MeV, the ratio E(4+)

E(2+) for
32Mg can be extracted, and it turns out to be 2.6, similar to
26,28Mg, and is in between the rigid rotor (3.3) and vibrational
(2.0) estimates (see top panel of Fig. 8). This suggests that
32Mg may not be an axially deformed rigid rotor as implied by
the B(E2 : 0+ → 2+) measurement of Ref. [3]. The MCSM
calculations also give a ratio of 2.7 between the 4+ and the 2+

states. Another way to explore the nature of the collectivity
is to look at the [E(4+) − E(2+)] − B(E2) correlations. The
ratio R4 = E(4+)/E(2+) is plotted against the measured
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TABLE I. Gamma transition energies and relative intensities
following the β-decay of 32Na. Comparison with intensities from [2]
and [16]. All intensities are normalized to the 885 keV transition in
32Mg (100). The ratio of intensities from two tape-cycling modes is
shown, providing a qualitative argument that these transitions may
belong to level schemes of the immediate daughters of 32Na (see
text).

Eγ (keV)a Iγ [2] [16] Ratio: 6s
cont

32Mg 486.1b 1.3(3) – – 1.3(6)
693.5b,c c c c

885.0 100 100 100 1.00
1231.7d 3.8(5) 4.8(17) 4.9(14) 0.8(3)
1436.1 9.8(7) 9.8(25) 10.2(20) 1.1(2)
1665.6b 2.4(4) – – 0.6(3)
1783e – – 8.3(20) –

1972.9 11.6(8) 19.7(25) 14.3(25) 1.0(2)
2151.7 47.0(17) 48.5(37) 52.6(60) 0.9(1)
2268.5b 2.5(3) – – 0.7(2)
2550.7 6.4(6) 10.2(25) 9.1(20) 1.3(2)
3934.5 12.0(8) 18.3(37) 13.3(30) 0.6(1)

31Mg 170.8 9.6(6) 21.9(35) 9.0(25) 1.0(1)
220.8f 3.9(4) 8.9(18) 4.4(14) 1.3(3)
239.9 9.5(6) 9.7(11) 27.6(32) 1.0(1)
693.5c c c c c

894.1 4.1(5) 5.1(26) 4.3(10) 1.5(3)

30Mg 1483.0 4.2(5) 4.9(22) 2.0(17) 0.8(3)

Unplaced 2869.2(8) 1.1(2) – – 1.2(5)
2925.8(6) 3.3(4) – – 1.5(4)

4575(3) 2.4(4) – – 0.8(4)
5470(3) 3.3(6) – – 0.9(4)

aUncertainty is ±0.5 keV unless otherwise specified.
bAssigned to 32Mg in this work.
cDoublet: centroid energy given (see text for details); transitions
in 31,32Mg - total intensity: Iγ : 6.9(6); [2]: - ; [16]: 3.8(16); Ratio:
1.1(2).
dPossible doublet - See text.
eNot extracted due to the presence of 28Mg (see text).
fSee text for details.

in 31Mg may come from the β-decay of 32Mg to 32Al, which
decay scheme contains two 222 keV transitions [17]. Analysis
of γ -γ coincidences suggests that this contribution may be
small in our case, because most of our data were taken in
“continuous mode”, where the progeny decays were partly
rejected. Finally, a significant disagreement is observed for
the 240 keV transition in 31Mg with [16].

Several previously unobserved γ transitions are found with
intensity greater than ∼1% relative to the 885 keV transition
in 32Mg (see Fig. 1 and Table I). Gamma transitions, for which
the intensity is attenuated by more than a factor of 2 under the
β-energy cut, are rejected as belonging to a low Q-value decay,
such as 28Al. Next, the ratio of intensities of the two tape modes
is considered. The “continuous” operation mode favors the
detection of the β-decay of 32Na over its longer-lived progeny,
while the “six-seconds” mode yields a much larger contri-
bution of progeny decays. The ratio of intensities I6s/Icont is
expected to increase with the lifetime of the parent. Indeed, this

FIG. 2. Projections of γ -γ (light) and β-γ -γ (dark) coincidence
data sets for selected runs.

ratio (normalized for the 885 keV γ ray in 32Mg) is measured
to be respectively: 1.0(2) for 32Na, 1.9(3) for 32Mg and 3.6(5)
for 31Mg for known γ rays following the decay of their
respective parent. A ratio near unity is therefore considered
a good indication that the given transition belongs to the decay
of 32Na. Eight γ rays are found to satisfy this condition.

Finally, γ -γ and β-γ -γ coincidences are inspected for
placement of those eight transitions in the decay scheme of
32Na. An offline 50 ns coincidence gate is set to select the γ
coincidence events. As shown in Fig. 2, the β-γ -γ coincidence
spectrum displays considerably less background than the γ -γ
coincidence spectrum, allowing more in-depth coincidence
analysis despite the overall low statistics collected in this
experiment.

Three of the new transitions are found to be in coincidence
with known transitions and also match the energy difference
of known energy levels in 32Mg. The 1666 keV line is
in coincidence with the 885 keV transition and fits the
energy difference between the known 2551 and 885 keV
states. Similarly, the 486 keV line is in coincidence with the
885 keV γ ray and is placed as a 3037 to 2551 keV transition.
Finally, the 2269 keV line is observed in coincidence with
the aforementioned 1666 keV transition and is assigned as a
transition between the 4820 and the 2551 keV states.

A 693.4 keV γ has been seen but not placed by Guillemaud-
Mueller et al. [16]. Recently, Mach et al. assign this transition
to 31Mg as an 11/2− → 7/2− transition from a new level at
1154 keV to the previously seen 461 keV level [18]. β-γ -γ
coincidences observed in this work support the placement
as made by Mach et al. (see Fig. 3(a)). However, the
coincidence spectrum also suggests another slightly higher-
energy line (about 695 keV) may belong in the 32Mg decay
scheme, as the same coincidence gate produces coincidences
with the 885 keV (see Fig. 3(a)). As additional evidence,
this transition is also seen in γ -γ coincidences with the
1973 keV γ ray, another known transition in 32Mg (see
Fig. 3(b)). The individual contributions of both transitions can-
not be extracted, thus only the intensity of the doublet state is
reported in Table I. To explain the coincidences observed with
the 695 keV transition, it is proposed that it results from the
decay of a new level at 3553 keV to the known 2858 keV level,
which subsequently decays by the sequential emission of both
the 1973 keV and 885 keV γ rays observed in coincidence.

Further evidence for the 3553 keV level exists. A gate
placed around the 1436 keV transition shows coincidences
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E(21+)	
  systemaDc:	
  a	
  simple	
  view	
  of	
  	
  
nuclear	
  structure	
  

•  H	
  

A key question with respect to the N ! 20, 28 neutron-rich
region is ‘‘To what degree do the N ¼ 20 and 28 shell
closures appear to survive?’’ Figure 46 shows the systematic
pattern of the energy of the first-excited 2þ state as a function
of N and Z in this region. This is always a leading indicator of
nuclear structure in any mass region. We point, especially, to
the strong asymmetry across the N ¼ 20 line for the Ne and
Mg isotopes, and the asymmetry across the shell; cf. 34Si and
42Si. Evidently, significant changes in structure are occurring.

We mention a few issues for which there are some encourag-
ing answers. With regard to what is happening in 30–34Mg, a
deformed structure has probably intruded to become the
ground state at 32Mg: An excited 0þ state has been observed
in 30Mg at 1789 keV by Schwerdtfeger et al. (2009), which
may be the deformed intruding structure.

There has been emphasis placed on the importance of
delineating the border of the island of inversion. Thus, there
has been debate regarding whether the ground state of 33Al is
inside or outside of the border (Himpe et al., 2006; Tripathi
et al., 2008b). The debate hinges on the reliability of struc-
tural interpretation based on spins and parities deduced from
logft values (Tripathi et al., 2008b) versus magnetic moment
values [see Yordanov et al. (2010)]. While the unequivocal
resolution of these questions will provide a deeper insight
into the structures underlying this region, it should be evident
from the occurrence of shape coexistence in other mass
regions that exactly which nuclei possess intruder ground
states is interesting, but not profound: but for 12.6 keV
(cf. Fig. 42), 45Sc would have been an island of inversion.

The importance of pairing structure in its role underlying
shape coexistence has been emphasized for a number of mass
regions in this review. We point to the use of ‘‘knockout’’
reactions as a promising fingerprint for exploration of in-
truder structures in this region. Following details of the
underlying theory (Hansen and Tostevin, 2003; Tostevin
et al., 2004; Tostevin and Brown, 2006), a number of appli-
cations have been made; see, e.g., Sauvan et al. (2000), Bazin
et al. (2003), Fridmann et al. (2006), Yoneda et al. (2006),
Diget et al. (2008), Gade et al. (2008), Terry et al. (2008),
Miller et al. (2009), Nakamura et al. (2009), Simpson et al.
(2009a, 2009b), Fallon et al. (2010), Gade and Tostevin
(2010), and Kanungo et al. (2010). See also Catford et al.
(2005), Gaudefroy et al. (2006, 2008), and Lee et al. (2010);
and combined with in-beam !-ray spectroscopy, for a recent
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30Mg on tritons and protons has been fitted using SFRESCO

[29]. The fitted optical potential has a deeper real part and a
more shallow imaginary part than the global optical poten-
tial. The depth of the neutron binding potential was ad-
justed to reproduce the binding energy. The cross section
for the transfer reaction was normalized to the elastic
scattering data. The theoretical differential cross section
has been calculated with FRESCO [29]. The choice of the
optical model parameters has little influence on the shape
of the angular distribution [see Fig. 4(a)]. The transfer
mechanism is described solely by a one-step correlated
pair transfer, since sequential two-step transfer is strongly
suppressed due to the large negative Q value (! 3:9 MeV)
of the tð30Mg; dÞ31Mg reaction. For both states the protons
clearly show an angular distribution of a !L ¼ 0 transfer.
!L ¼ 1 and !L ¼ 2 angular distributions clearly do not
describe the data [Fig. 4(b)].

Thus, we have clearly observed a new excited 0þ state at
1058(2) keV in 32Mg. From the& 300 counts in the proton
spectrum for the population of the 1058(2) keV state one
expects in case of a prompt ! decay of this state 18(3)
!-proton coincidences for the 886 keV !-ray transition.
The much lower number of observed !-proton coinci-
dences can only have two possible causes. Either the

missing part of the decay proceeds by an E0 decay directly
to the ground state or the ! decay of the nucleus occurs at a
significant distance behind the MINIBALL array, leading
to a reduced detection efficiency. One can easily estimate
that an E0 decay branch would only be able to make a
significant contribution for unphysical large "2ðE0Þ values
and thus only a long lifetime of the excited 0þ state can
explain the observed !-ray spectrum. Its lifetime can be
estimated, based on a GEANT4 simulation, to be larger than
10 ns. This lower limit of the lifetime corresponds to an
upper limit of BðE2; 0þ2 ! 2þ1 Þ< 544e2 fm4 and thus it is
impossible to determine the mixing between the two 0þ

states as any strength results in a BðE2Þ value smaller than
this upper bound.
The fact that the energy of the 0þ2 state is significantly

lower than theoretically predicted and that both 0þ states
are populated with comparable cross sections potentially
points to a larger mixing between the coexisting states as
compared to 30Mg. In this context, it is interesting to
discuss the observed cross sections in the context of their
expected single-particle structure.
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FIG. 3. !-ray energy spectrum in coincidence with protons
from transfer to the excited state. The inset shows the suggested
partial level scheme of 32Mg.
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1058 keV state (b). The curves in panel a) are from DWBA
calculations with fitted (solid) and global (dashed) optical model
parameters [34]. Panel b) includes DWBA calculations for
!L ¼ 0 (solid), !L ¼ 1 (dashed) and !L ¼ 2 (dotted) transfer.
The angle range around #cm ¼ 50' corresponds to #lab ¼ 90'

which is not covered by the T-REX detector.
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[29]. The fitted optical potential has a deeper real part and a
more shallow imaginary part than the global optical poten-
tial. The depth of the neutron binding potential was ad-
justed to reproduce the binding energy. The cross section
for the transfer reaction was normalized to the elastic
scattering data. The theoretical differential cross section
has been calculated with FRESCO [29]. The choice of the
optical model parameters has little influence on the shape
of the angular distribution [see Fig. 4(a)]. The transfer
mechanism is described solely by a one-step correlated
pair transfer, since sequential two-step transfer is strongly
suppressed due to the large negative Q value (! 3:9 MeV)
of the tð30Mg; dÞ31Mg reaction. For both states the protons
clearly show an angular distribution of a !L ¼ 0 transfer.
!L ¼ 1 and !L ¼ 2 angular distributions clearly do not
describe the data [Fig. 4(b)].

Thus, we have clearly observed a new excited 0þ state at
1058(2) keV in 32Mg. From the& 300 counts in the proton
spectrum for the population of the 1058(2) keV state one
expects in case of a prompt ! decay of this state 18(3)
!-proton coincidences for the 886 keV !-ray transition.
The much lower number of observed !-proton coinci-
dences can only have two possible causes. Either the

missing part of the decay proceeds by an E0 decay directly
to the ground state or the ! decay of the nucleus occurs at a
significant distance behind the MINIBALL array, leading
to a reduced detection efficiency. One can easily estimate
that an E0 decay branch would only be able to make a
significant contribution for unphysical large "2ðE0Þ values
and thus only a long lifetime of the excited 0þ state can
explain the observed !-ray spectrum. Its lifetime can be
estimated, based on a GEANT4 simulation, to be larger than
10 ns. This lower limit of the lifetime corresponds to an
upper limit of BðE2; 0þ2 ! 2þ1 Þ< 544e2 fm4 and thus it is
impossible to determine the mixing between the two 0þ

states as any strength results in a BðE2Þ value smaller than
this upper bound.
The fact that the energy of the 0þ2 state is significantly

lower than theoretically predicted and that both 0þ states
are populated with comparable cross sections potentially
points to a larger mixing between the coexisting states as
compared to 30Mg. In this context, it is interesting to
discuss the observed cross sections in the context of their
expected single-particle structure.
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A key question with respect to the N ! 20, 28 neutron-rich
region is ‘‘To what degree do the N ¼ 20 and 28 shell
closures appear to survive?’’ Figure 46 shows the systematic
pattern of the energy of the first-excited 2þ state as a function
of N and Z in this region. This is always a leading indicator of
nuclear structure in any mass region. We point, especially, to
the strong asymmetry across the N ¼ 20 line for the Ne and
Mg isotopes, and the asymmetry across the shell; cf. 34Si and
42Si. Evidently, significant changes in structure are occurring.

We mention a few issues for which there are some encourag-
ing answers. With regard to what is happening in 30–34Mg, a
deformed structure has probably intruded to become the
ground state at 32Mg: An excited 0þ state has been observed
in 30Mg at 1789 keV by Schwerdtfeger et al. (2009), which
may be the deformed intruding structure.

There has been emphasis placed on the importance of
delineating the border of the island of inversion. Thus, there
has been debate regarding whether the ground state of 33Al is
inside or outside of the border (Himpe et al., 2006; Tripathi
et al., 2008b). The debate hinges on the reliability of struc-
tural interpretation based on spins and parities deduced from
logft values (Tripathi et al., 2008b) versus magnetic moment
values [see Yordanov et al. (2010)]. While the unequivocal
resolution of these questions will provide a deeper insight
into the structures underlying this region, it should be evident
from the occurrence of shape coexistence in other mass
regions that exactly which nuclei possess intruder ground
states is interesting, but not profound: but for 12.6 keV
(cf. Fig. 42), 45Sc would have been an island of inversion.

The importance of pairing structure in its role underlying
shape coexistence has been emphasized for a number of mass
regions in this review. We point to the use of ‘‘knockout’’
reactions as a promising fingerprint for exploration of in-
truder structures in this region. Following details of the
underlying theory (Hansen and Tostevin, 2003; Tostevin
et al., 2004; Tostevin and Brown, 2006), a number of appli-
cations have been made; see, e.g., Sauvan et al. (2000), Bazin
et al. (2003), Fridmann et al. (2006), Yoneda et al. (2006),
Diget et al. (2008), Gade et al. (2008), Terry et al. (2008),
Miller et al. (2009), Nakamura et al. (2009), Simpson et al.
(2009a, 2009b), Fallon et al. (2010), Gade and Tostevin
(2010), and Kanungo et al. (2010). See also Catford et al.
(2005), Gaudefroy et al. (2006, 2008), and Lee et al. (2010);
and combined with in-beam !-ray spectroscopy, for a recent
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FIG. 44. Systematics of the even-mass N ¼ 20 isotones. Known
and possible "ð2p-2hÞ states are shown. In 38Ar this structure gives
rise to a deformed band. The extrapolation of this structure (see also
Fig. 45) to explain the deformed states in 32Mg is discussed in the
text. The estimate of the 0þ "ð2p-2hÞ state at 2400 keV in 34Si is
from Fig. 45 (and see the remark in the text on the 2þ1 state in 34Si).
The data are from Endt (1998), Nummela et al. (2001a), Rudolph
et al. (2002a), Wimmer et al. (2010), and Nuclear Data Sheets.
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states in the N ¼ 19, 20, and 21 isotones. The sum of the
"ð1p-2hÞ and "ð2p-1hÞ state energies strongly correlates with that
of the "ð2p-2hÞ state energies (cf. Figs. 17 and 24), supporting the
extrapolation shown in 34Si and 32Mg. The N ¼ 21 extrapolation
from 35Si to 33Mg is assumed to be parallel to N ¼ 19. The data are
from Endt (1998), Nummela et al. (2002), Z.M. Wang et al.
(2010b), Wimmer et al. (2010), and Nuclear Data Sheets.
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FIG. 46. Energies of 2þ1 states for N & 18, Z ' 24, illustrating
the N, Z ¼ 20, N ¼ 28 shell closures and the neutron-drip line
(Bn ! 0). Some features are discussed in the text. The data are from
Yanagisawa et al. (2003), Fornal et al. (2004), Liddick et al.
(2004), Belleguic et al. (2005), Grévy et al. (2005), Iwasaki et al.
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A key question with respect to the N ! 20, 28 neutron-rich
region is ‘‘To what degree do the N ¼ 20 and 28 shell
closures appear to survive?’’ Figure 46 shows the systematic
pattern of the energy of the first-excited 2þ state as a function
of N and Z in this region. This is always a leading indicator of
nuclear structure in any mass region. We point, especially, to
the strong asymmetry across the N ¼ 20 line for the Ne and
Mg isotopes, and the asymmetry across the shell; cf. 34Si and
42Si. Evidently, significant changes in structure are occurring.

We mention a few issues for which there are some encourag-
ing answers. With regard to what is happening in 30–34Mg, a
deformed structure has probably intruded to become the
ground state at 32Mg: An excited 0þ state has been observed
in 30Mg at 1789 keV by Schwerdtfeger et al. (2009), which
may be the deformed intruding structure.

There has been emphasis placed on the importance of
delineating the border of the island of inversion. Thus, there
has been debate regarding whether the ground state of 33Al is
inside or outside of the border (Himpe et al., 2006; Tripathi
et al., 2008b). The debate hinges on the reliability of struc-
tural interpretation based on spins and parities deduced from
logft values (Tripathi et al., 2008b) versus magnetic moment
values [see Yordanov et al. (2010)]. While the unequivocal
resolution of these questions will provide a deeper insight
into the structures underlying this region, it should be evident
from the occurrence of shape coexistence in other mass
regions that exactly which nuclei possess intruder ground
states is interesting, but not profound: but for 12.6 keV
(cf. Fig. 42), 45Sc would have been an island of inversion.

The importance of pairing structure in its role underlying
shape coexistence has been emphasized for a number of mass
regions in this review. We point to the use of ‘‘knockout’’
reactions as a promising fingerprint for exploration of in-
truder structures in this region. Following details of the
underlying theory (Hansen and Tostevin, 2003; Tostevin
et al., 2004; Tostevin and Brown, 2006), a number of appli-
cations have been made; see, e.g., Sauvan et al. (2000), Bazin
et al. (2003), Fridmann et al. (2006), Yoneda et al. (2006),
Diget et al. (2008), Gade et al. (2008), Terry et al. (2008),
Miller et al. (2009), Nakamura et al. (2009), Simpson et al.
(2009a, 2009b), Fallon et al. (2010), Gade and Tostevin
(2010), and Kanungo et al. (2010). See also Catford et al.
(2005), Gaudefroy et al. (2006, 2008), and Lee et al. (2010);
and combined with in-beam !-ray spectroscopy, for a recent
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FIG. 44. Systematics of the even-mass N ¼ 20 isotones. Known
and possible "ð2p-2hÞ states are shown. In 38Ar this structure gives
rise to a deformed band. The extrapolation of this structure (see also
Fig. 45) to explain the deformed states in 32Mg is discussed in the
text. The estimate of the 0þ "ð2p-2hÞ state at 2400 keV in 34Si is
from Fig. 45 (and see the remark in the text on the 2þ1 state in 34Si).
The data are from Endt (1998), Nummela et al. (2001a), Rudolph
et al. (2002a), Wimmer et al. (2010), and Nuclear Data Sheets.
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FIG. 45 (color online). Systematics of multiparticle–multihole
states in the N ¼ 19, 20, and 21 isotones. The sum of the
"ð1p-2hÞ and "ð2p-1hÞ state energies strongly correlates with that
of the "ð2p-2hÞ state energies (cf. Figs. 17 and 24), supporting the
extrapolation shown in 34Si and 32Mg. The N ¼ 21 extrapolation
from 35Si to 33Mg is assumed to be parallel to N ¼ 19. The data are
from Endt (1998), Nummela et al. (2002), Z.M. Wang et al.
(2010b), Wimmer et al. (2010), and Nuclear Data Sheets.
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FIG. 46. Energies of 2þ1 states for N & 18, Z ' 24, illustrating
the N, Z ¼ 20, N ¼ 28 shell closures and the neutron-drip line
(Bn ! 0). Some features are discussed in the text. The data are from
Yanagisawa et al. (2003), Fornal et al. (2004), Liddick et al.
(2004), Belleguic et al. (2005), Grévy et al. (2005), Iwasaki et al.
(2005), Dombrádi et al. (2006), Doornenbal et al. (2009), and
Nuclear Data Sheets.
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A key question with respect to the N ! 20, 28 neutron-rich
region is ‘‘To what degree do the N ¼ 20 and 28 shell
closures appear to survive?’’ Figure 46 shows the systematic
pattern of the energy of the first-excited 2þ state as a function
of N and Z in this region. This is always a leading indicator of
nuclear structure in any mass region. We point, especially, to
the strong asymmetry across the N ¼ 20 line for the Ne and
Mg isotopes, and the asymmetry across the shell; cf. 34Si and
42Si. Evidently, significant changes in structure are occurring.

We mention a few issues for which there are some encourag-
ing answers. With regard to what is happening in 30–34Mg, a
deformed structure has probably intruded to become the
ground state at 32Mg: An excited 0þ state has been observed
in 30Mg at 1789 keV by Schwerdtfeger et al. (2009), which
may be the deformed intruding structure.

There has been emphasis placed on the importance of
delineating the border of the island of inversion. Thus, there
has been debate regarding whether the ground state of 33Al is
inside or outside of the border (Himpe et al., 2006; Tripathi
et al., 2008b). The debate hinges on the reliability of struc-
tural interpretation based on spins and parities deduced from
logft values (Tripathi et al., 2008b) versus magnetic moment
values [see Yordanov et al. (2010)]. While the unequivocal
resolution of these questions will provide a deeper insight
into the structures underlying this region, it should be evident
from the occurrence of shape coexistence in other mass
regions that exactly which nuclei possess intruder ground
states is interesting, but not profound: but for 12.6 keV
(cf. Fig. 42), 45Sc would have been an island of inversion.

The importance of pairing structure in its role underlying
shape coexistence has been emphasized for a number of mass
regions in this review. We point to the use of ‘‘knockout’’
reactions as a promising fingerprint for exploration of in-
truder structures in this region. Following details of the
underlying theory (Hansen and Tostevin, 2003; Tostevin
et al., 2004; Tostevin and Brown, 2006), a number of appli-
cations have been made; see, e.g., Sauvan et al. (2000), Bazin
et al. (2003), Fridmann et al. (2006), Yoneda et al. (2006),
Diget et al. (2008), Gade et al. (2008), Terry et al. (2008),
Miller et al. (2009), Nakamura et al. (2009), Simpson et al.
(2009a, 2009b), Fallon et al. (2010), Gade and Tostevin
(2010), and Kanungo et al. (2010). See also Catford et al.
(2005), Gaudefroy et al. (2006, 2008), and Lee et al. (2010);
and combined with in-beam !-ray spectroscopy, for a recent
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FIG. 44. Systematics of the even-mass N ¼ 20 isotones. Known
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rise to a deformed band. The extrapolation of this structure (see also
Fig. 45) to explain the deformed states in 32Mg is discussed in the
text. The estimate of the 0þ "ð2p-2hÞ state at 2400 keV in 34Si is
from Fig. 45 (and see the remark in the text on the 2þ1 state in 34Si).
The data are from Endt (1998), Nummela et al. (2001a), Rudolph
et al. (2002a), Wimmer et al. (2010), and Nuclear Data Sheets.
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FIG. 46. Energies of 2þ1 states for N & 18, Z ' 24, illustrating
the N, Z ¼ 20, N ¼ 28 shell closures and the neutron-drip line
(Bn ! 0). Some features are discussed in the text. The data are from
Yanagisawa et al. (2003), Fornal et al. (2004), Liddick et al.
(2004), Belleguic et al. (2005), Grévy et al. (2005), Iwasaki et al.
(2005), Dombrádi et al. (2006), Doornenbal et al. (2009), and
Nuclear Data Sheets.
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the quadrupole binding energy gain as 

AEQ = 4 ~ 0 N , ( 9 ,  - N,)'n(Qv - NV)"' (7) 
where 9, and Qv are the proton and neutron shell degeneracies. (This expression is 
correct neglecting terms of the order of 1 / N  where N = N, + N,. )  The value of K~ is 
fixed at 0.26 MeV so that the corresponding shell model proton-neutron quadrupole 
interaction (equation C5 in [14]) reproduces the 1+, 7+-3+, 5+ energy spacing in 
"Sc. It is, more in particular, the relative position of the lf,,'(n) lf,/z(v) 
proton-neutron J" = It, 7+ states versus the .I" = 3+, 5+ states that determines the 
strength of the proton-neutron residual interaction. The value of Qv is not uniquely 
defined since the hole pair occurs in the 8 < N s 20 shell and the particle pair in the 
20< N G 2 8  shell: we take the average of the Id,, and If,, subshells with one pair 

-41 I I I I I I 
8 IO 12 I L  16 18 20 

~ PROTON NUMBER Z - 
Figure 4. Estimated energy of the v 2p-2h 0' intruder state in the N = 2 0  isotones 
based on (1-7) and data in figures 1-3. The shaded region reflects the range of 
uncertainty and corresponds to taking into account 8 (0, = 4) or 10 particles (0, = 5 )  
when calculating the quadrupole binding energy term AEo of (7). The unperturbed 
energy, the pairing and the monopole corrections remain the same in both calculations 
(see also text). 
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